In this paper we construct approximations for the Caputo derivative of order 1 − α, 2 − α, 2 and 3 − α. The approximations have weights 0.5 ((k + 1) −α − (k − 1) −α ) /Γ(1 − α) and k −1−α /Γ(−α), and the higher accuracy is achieved by modifying the initial and last weights using the expansion formulas for the left and right endpoints. The approximations are applied for computing the numerical solution of ordinary fractional differential equations. The properties of the weights of the approximations of order 2 − α are similar to the properties of the L1 approximation. In all experiments presented in the paper the accuracy of the numerical solutions using the approximation of order 2 − α which has weights k −1−α /Γ(−α) is higher than the accuracy of the numerical solutions using the L1 approximation for the Caputo derivative.
Introduction
The Grünwald formula approximation and the L1 approximation of the Caputo derivative have been regularly used for numerical solution of fractional differential equations [13, 16, 18, 21, 23] . The Grünwald formula approximation has weights (−1)
and accuracy O(h). The L1 approximation (1) has order 2 − α and weights σ (α) k = ((k − 1) 1−α − 2k 1−α + (k + 1) 1−α ) /Γ(2 − α). The weights of the L1 approximation are linear combinations of terms which have power 1 − α. In the present paper we construct approximations of the Caputo derivative whose weights consist of terms which have power −α and −1−α. The accuracy of the numerical solution of order 2−α is influenced by the coefficient of the term y ′′ (x)h 2−α in the expansion of the approximation. In Table 1 , Table 3 and Table 9 we compute the error and the order of the numerical solutions of the fractional relaxation equation which use approximations (1), (9) and (12) of the Caputo derivative. In all experiments the accuracy of the numerical solutions using approximation (9) is higher than the accuracy of the numerical solutions using approximations (1) and (12) . The Caputo derivative of order α, where 0 < α < 1 is defined as
When the first derivative of the function y is a bounded function the Caputo derivative at the initial point x = 0 is equal to zero. The exponential function has Caputo derivative D α e λx = λx 1−α E 1,2−α (λx) and The finite-difference schemes for numerical solution of ordinary and partial fractional differential equations use an approximation for the fractional derivative. Let h = x/n and y n = y(nh) be the value of the function y at the point x n = nh. The L1 approximation of the Caputo derivative is constructed by dividing the interval [0, x] to subintervals of equal length h and approximating the first derivative on each subinterval using a second-order central difference approximation.
where σ 
where C 1 = α(α − 1) and C 2 = α − 1. In section 4 we derive the numerical solution NS[ * ] of the fractional relaxation equation which uses approximation (*) for the Caputo derivative. In Table 1 we compute the error and the order of numerical solution NS [1] of Equation I and α = 0.25, Equation II and α = 0.5 and Equation III with α = 0.75. In Theorem 9 and Theorem 10 we prove that the numerical solution of the fractional relaxation equation converges to the exact solution with accuracy O (h 2−α ) when the coefficient D is positive or D is a bounded negative number and the approximation of the Caputo derivative has order 2 − α and satisfies (2) . In section 2 and section 5 we obtain approximations (9) and (12) of the Caputo derivative. Approximations (1), (9) and (12) have order 2 − α and satisfy properties (2) . The asymptotic expansions of the integral approximations for the fractional derivatives involve the values of the Riemann zeta function defined as
When α < 0, the values of the Riemann zeta function are computed from the the functional equation
Another important special function in fractional calculus is the polylogarithm function is defined as
The polylogarithm function satisfies Li α (1) = ζ(α) and has expansion
where α = 1, 2, 3, · · · and | ln x| < 2π. In [5] we obtained the second-order expansion formula of the L1 approximation
and the second-order approximation of the Caputo derivative
where δ
The numbers δ
The fractional integral of order α > 0 on the interval [0, x] is defined as
Denote by
In [6] we use the Fourier transform method and the asymptotic expansion (3) of the polylogarithm function to derive the asymptotic formula for the Riemann sum approximation of the fractional integral K α y(x) at the right endpoint.
The asymptotic expansion formula for the left endpoint of (7) is obtained from the Euler-Maclaurin formula for the function z(t) = y(t)(x − t) α−1 . In section 2, we use (7) to obtain the approximation of the Caputo derivative
Approximation (8) has second order accuracy when the function y satisfies y ′ (0) = y ′′ (0) = 0. Denote
From (8) we obtain approximations (9) and (10) of the Caputo derivative
where σ
In section 5 we use the Fourier transform method and the Euler-Maclaurin formula for the function y(t)/(x − t) 1+α to derive the expansion formula
From (11) we obtain the approximations of the Caputo derivative (12) and (13) of order 2 − α and 3 − α.
where
The expansion formula (4) of the L1 approximation contains the term
The expansions of approximations (9) and (12) contain terms C 9 (α)y ′′ n h 2−α and C 12 (α)y ′′ n h 2−α with coefficients
The accuracy of the numerical solutions of fractional differential equations which use approximations (1), (9) and (12) of the Caputo derivative is influenced by the values of the coefficients C 1 (α), C 9 (α) and C 12 (α). In Figure 1 we compare the coefficients C 1 (α), C 9 (α) and C 12 (α). The three coefficients are positive and the coefficient C 12 (α) of approximation (12) is smaller than C 1 (α) and C 9 (α). In Table 1 and Table 9 we compute the maximum errors of the numerical solutions of Equation I, Equation II and Equation III which use approximations (1) and (12) . The accuracy of the numerical solution which uses approximation (12) for the Caputo derivative is higher than the accuracy of the numerical solution using the L1 approximation (1). The improvement is 88% for Equation I and α = 0.25, 35% for Equation II and α = 0.5 and 9% for Equation III with α = 0.75.
Approximation for the Caputo Derivative of Order − α
In this section we use approximation (7) for the fractional integral to obtain approximations for the Caputo derivative of order 1 − α and 2 − α. From (7)
Approximation (14) has accuracy O h 2+β when the function z satisfies z(0) = z ′ (0) = 0. The Caputo derivative of order α satisfies (14) with β = 1 − α and z(x) = y ′ (x) we obtain
By approximating y ′ n−k in (15) using central difference approximation
, we obtain the approximation
In Lemma 1 we show that approximation (17) has second order accuracy.
Proof. From (16)
where ω
From (15) and (17) we obtain the expansion formula of approximation
The numbers ω
for the Caputo derivative has order 1 − α.
When n = 2, approximation A 
Denote by Equation I, Equation II and Equation III the fractional relaxation equations
Equation III has the solution y(x) = cos(2πx). The numerical results for the maximum error and order of numerical solution NS [20] of Equation I, Equation II and Equation III are given in Table 2 . By substituting y ′ n in (19) using the approximation
we obtain the second-order expansion formula
whereσ
is zero and
Proof.
By changing the index of summation we obtain
Now we derive an approximation for the Caputo derivative of order 2 − α by modifying the weights of approximation Aσ n [y] with index n − 1 and n.
We use Claim 3 to determine the first term of the expansion of approximation Aσ n [y] at the initial point x = 0.
By approximating y ′ 0 using forward difference y The accuracy of the L1 approximation (1) and approximation (9) is O (h 2−α ). Now we show that the weights of approximation (9) (9) is positive and σ
The number σ
when k is a sufficiently large positive integer. In Claim 4 and Claim 5 we obtain estimates for the weights σ n The Bernoulli inequality holds when r < 0 and x > −1.
Proof. From the Bernoulli inequality
From the formula for the sum of powers
we obtain the following estimates for S n (α)
Then
From the Bernoulli inequality
From (23) and (24) 
Second-order approximation for the Caputo derivative
We use approximation (21) to derive a second-order approximation for the Caputo derivative. By approximating y ′′ n in (21) using a second-order backward difference approximation y ′′ n = (y n −2y n−1 +y n−2 )/h 2 +O (h) , we obtain the approximation for the Caputo derivative
. Approximation (29) has second-order accuracy when y ′ (0) = 0. By using the method from the previous section we obtain the second-order approximation
Approximation A 
When n = 3: δ
In Table 4 Claim 6. Let 0 < α < 1.
The estimates of Claim 6 are obtained from the Maclaurin series expansion of the functions 1/(1 − α), 2 −α = e −α ln 2 and 3 −α = e −α ln 3 .
Proof. From the Laurent expansion of the Riemann zeta function
Then δ
We have that
Proof. From (26) and (27) 
The numbers γ 1 and γ 2 are negative. Then
The function α 2 − α ln 3 has a minimum at the point α = ln 3/2. Then
Numerical Solution of the Fractional Relaxation Equation
The fractional relaxation equation is a linear ordinary fractional differential equation of order α, where 0 < α < 1.
The analytical and numerical solutions of the fractional relaxation equation are discussed in [3, 4, 6, 11, 23, 19] . In this section we derive the numerical solution of the fractional relaxation equation (28) . In Theorem 9 and Theorem 10 we prove that the numerical solution of equation (28) on the interval [0, X] which uses approximations (1), (9) and (12) for the Caputo derivative converges to the exact solution when D > D 0 , where D 0 is a negative number. In [5] we showed that
is an approximation for the value of the exact solution y(h) of equation (28) with accuracy O (h 2 ). Let h = X/n and
be an approximation for the Caputo derivative. By approximating the Caputo derivative in equation (28) at the point x m = mh we obtain
The numerical solution {u m } n m=0 of equation (28), where u m ≈ y m is computed with u 0 = y 0 , u 1 =ȳ 1 and
Suppose that approximation (*) has accuracy O (h 2−α ), where the weights λ k are positive for all k = 0, 1, · · · , m and satisfy
The weights of approximations (1), (9) and (12) satisfy (30). Let E m h 2−α be the error of approximation (*) at the point x m = mh, and E be a positive number such that |E m | < E for all m = 2, 3, · · · , n. The error e m = u m − y m of numerical solution NS( * ) satisfies e 0 = 0, e 1 =ȳ 1 − y(h) and
where A m = E m λ 0 + Dh α . Let A > 2E/λ 0 be a positive number such that |e 1 | < Ah 2−α . When D > 0 the numbers A m satisfy
When D < 0 and |D|h α < λ 0 /2 From the induction assumption 
Example: The fractional relaxation equation
has the solution y(x) = e x . In Table 5 we compute the maximum error and the order of the numerical solutions of equation (31) which use approximations (1), (9) and (12) for the Caputo derivative when D = −1 and α = 0.6. In Table 6 we compute the error and the order of the numerical solution of equation (31) for the L1 approximation (1) and values of D = −2, −5, −7 and α = 0.5. The numerical results from Table 6 suggest that when D < −5, numerical solutions NS [1] , NS [9] and NS [12] of equation (31) are not suitable for practical use. Table 5 : Maximum error and order of numerical solutions NS [1] , NS [9] and NS [12] of equation (31) Table 6 : Maximum error and order of numerical solution NS [1] , of equation (31) 
Fourier Transform Method for Constructing Approximations of the Caputo Derivative
The Fourier transform method is an important method for constructing approximations for fractional derivatives. The generating function of an approximation is directly related to the Fourier transform of the approximation. The Fourier transform method is used by Ding and Li [7, 8] , Lubich [17] , Tian et al. [26] for constructing approximations for the fractional derivative. In [6] we use the Fourier transform method and the series expansion formula of the polylogarithm function to derive the asymptotic expansion formula (7) for the Riemann sum approximation of the fractional integral at the right endpoint. The expansion formula for the left endpoint of (7) is obtained from the Euler-Maclaurin formula for the definite integral. In this section we use the Fourier transform method and integration by parts to obtain approximations for the Caputo derivative of order 1 − α, 2 − α and 3 − α.
The Fourier Transform of the function y is defined as
The Fourier transform has properties
Expansion Formula
Let S n [y] be the Riemann sum of the formal fractional integral K −α y(x).
By applying Fourier transform to S n [y] and letting n → ∞
From (3) with s = 1 + α and x = e ikhw we obtain
[y] the left and right asymptotic sums of
By applying inverse Fourier transform to (32) we obtain the expansion formula for the right asymptotic sum.
The result is summarized in Lemma 11.
From Lemma 11, we obtain the approximation for the Caputo derivative
Approximation (33) has accuracy O (h 3−α ) when the function y(x) satisfies
From the Euler-Maclaurin formula we obtain
Now we use the Euler-Maclaurin formula and integration by parts to derive the formula for
The gamma function satisfies Γ(1 − α) = −αΓ(−α). Then
where Z(t) = (x − t) −1−α . From (35) we have that
The function Z(t) has derivatives
From the Leibnitz's rule
From (36) and Lemma 11 we obtain (37).
Lemma 13. Asymptotic expansion formula
From (37) we obtain the fourth-order approximation Table 8 : Maximum error and order of approximation (38) for the functions tan −1 t, x = 1, ln(t + 1), x = 2 and ζ(t + 2), x = 3 with α = 0.4. 
Approximation for the Caputo Derivative of Order 2 − α
By approximating y ′ n in (33) using first-order backward difference approximation y ′ n = (y n − y n−1 )/h + O(h) we obtain the approximation 
Represent the function y(x) as
From Claim 14
By approximating y ′ 0 using first-order forward difference approximation
we obtain the approximation for the Caputo derivative of order 2 − α
When n = 2 approximation (40) has weights σ
From the formula for sum of powers (22)
The Bernoulli number B 1 = −1/2 and B 2m+1 = 0 for m ≥ 1. Then
From (41)
The weight σ (α) n of approximation (40) is approximately 1/(αn α ). Approximation (40) has order 2−α and its weights satisfy (2) . In Table 9 we compute the error and the order of the numerical solution of Equation I, Equation II and Equation III which uses approximation (40) for the Caputo derivative. In all experiments in Table 1, Table 3, Table 5 and Table 9 the errors of numerical solution NS [12] are smaller than the errors of numerical solutions NS [1] and NS [9] . 
In order to construct approximations for the Caputo derivative we express expansion formula (42) in the following form
In the previous section we showed that
In this section we obtain the formula (43) for the coefficient K 2 (α) and an approximation (45) for the Caputo derivative of order 3 − α. By changing the order of summation in (42)
When p = 2 we obtain
From the identity
we obtain
Approximation (34) has expansion of order 3 − α
By approximating y 
we obtain the approximation for the Caputo derivative of order 3 − α Then y ′ (0) = F (1−α) (0). In [6] we showed that
By differentiating (46) we obtain
When the solution of equation (28) 
Conclusions
In the present paper we obtained approximations of the Caputo derivative of order 2 − α, 2 and 3 − α whose weights consist of terms which have power −α and −1 − α. In all experiments the accuracy of the numerical solutions which use approximation (12) for the Caputo derivative is higher than the accuracy of the numerical solutions using approximations (1) and (9) . A question for future work is to construct an approximation of order 2 − α whose weights consist of terms which have power −α, where the accuracy of the numerical solutions of Equation I, Equation II and Equation III is higher than the accuracy of the numerical solutions using the L1 approximation (1).
